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A comparison between theory and experiment is reported in
Fig. 3a for the cylinder. Considering the approximate nature
of the theoretical model, the agreement is good for both cases
of subcooling and no siibcooling. The theory underpredicts the
experimental findings somewhat, rather consistently. Two rea-
sons for this fact are speculated. First, the point-contact as-
sumption between the glass beads and the cylinder surface was
likely violated somewhat in the experiments, thus increasing
the thermal conductivity and yielding higher average heat
transfer. Second, probable collapses in the vapor film (partial
film boiling) in the back of the cylinder contributed to increas-
ing the average heat flux in the experiments.

Also shown in Fig. 3a is a theoretical prediction for the
average heat flux for pool film boiling without subcooling in
classical fluids.7 This average heat flux is lower than what was
found in the present study for a cylinder embedded in a bed of
glass beads. This result indicates that porous media exhibit a
clear potential as heat-transfer augmentation devices if they
are made but of a rather conductive material (the glass beads
are considerably more conductive than the vapor) and are
porous enough to allow for fluid motion inside the solid matrix
(the porosity of a bed of spheres, approximately 40%, is rea-
sonable).

Figure 3b shows a comparison between the present theoreti-
cal modeling for the sphere and experimental results for the
case of zero subcooling reproduced from Ref. 4. No results for
subcooled film boiling were available in Ref. 4. An approxi-
mate theoretical solution for the average heat flux in classical
fluids7 is also reported. The main conclusion to be drawn from
Fig. 3b for the spherical geometry is similar to that of Fig. 3b
for the cylinder. For brevity, the discussion is not repeated.

Overall, the experiments exhibited good agreement with the
present theoretical predictions for both geometries of interest.
Comparison with results for classical fluids indicated that a
potential exists in the use of conductive porous materials in
heat-augmentation devices.
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Introduction

THE analysis of radiative transfer within a medium with a
reflecting boundary has been a subject of great interest.1

Recently, several studies were performed to examine the in-
fluence of specular and diffuse reflection on radiative transfer
with various geometries. Pomraning and Siewert2 reported the
integral form of the equation of radiative transfer for a sphere
with a specularly and diffusely reflecting boundary; Thynell
and Ozisik3 developed exact integral expressions for radiative
transfer in a cylindrical medium with a diffusely and specu-
larly reflecting boundary. Pomraning4 estimated the emit-
tance from a half-space with a specularly and diffusely reflec-
ting boundary, whereas Lin and Huang5 studied the direc-
tional emittance for an infinite cylinder by the Galerkin
method.

Since the radiative heat transfer in semitransparent
spherical bodies occurs in many industrial processes such as
droplet vaporization and combustion, glass making, and
growing of artificial crystals, radiative transfer in a sphere
with a Fresnel boundary is of practical importance. This study
is intended to show the effects of scattering albedo, refractive
index, and optical radius as well as the effects of geometry on
the directional emittance for a spherical medium. The ray-
tracing technique2 is adopted to develop the exact integral ex-
pressions for radiative transfer in an isotropically scattering
sphere with a Fresnel boundary, in which the reflectivity is
directionally dependent. The integral form of the equation of
radiative transfer is solved by approximating the integral term
by a Gaussian quadrature. Exact expressions are then used for
the prediction of the directional emittance.

Analysis
The system considered is an absorbing, emitting, and

isotropically scattering sphere of a finite optical radius R,
which is much greater than radiation wavelength. Assume that
the medium is isotropic, homogeneous, isothermal, and in
local thermodynamic equilibrium, and that Fresnel reflection
is included at the boundary. The equation of radiative transfer
and the boundary condition are

co f 1
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in 0<r<R, (D
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Fig. 1 Geometry and coordinate system.

(8)

(9)

If p is a constant, Eqs. (4-9) reduce to Pomraning and
Siewert's2 formulation for only specular reflection. Applying
the ray-tracing technique again, we can obtain the expression
for the directional emittance of the spherical medium in terms
of G(r) as

>o)

x exp (- RIJLQ ) cosh [ TT (x, R, /AO ) ] x dx (10)

and where

(2)

where / is the radiation intensity, r is the optical variable,
/*=cos0 is the cosine of the angle between the radial coor-
dinate and the direction of propagating radiation intensity (see
Fig. 1), co is the scattering albedo, n is the refractive index of
the medium relative to that of the surroundings, Ib is the
black-body intensity at temperature T, and p is the reflectivity
of the interface determined by Fresnel relations (see Ref. 1,
Chap. 4). Here, the subscript j>, which denotes the spectrally
dependent properties, is omitted for simplicity.

We now define the dimensionless total radiation intensity as

(3)

Solving Eq. (1) formally for the radiation intensity and
substituting the resulting expressions into Eq. (3), we can ob-
tain the integral equation for G(r), that is,

x [Et ( \r-x\ ) -El (r+x) +F, (r,x)]xdx

where

(4)

x cosh (xfji ) cosh [ TT ( r,x, /* )]

in (5)

1(r,x)=4rl
J o

with

(6)

(7)

sin00) (11)

Equation (4) is a Fredholm integral equation of the second
kind. Crosbie and Pattabongse6 have shown that a singular
Fredholm integral equation can be solved by subtracting the
singularity and then approximating the integral term by a
Gaussian quadrature. Therefore, Eq. (4) is solved by this
technique. Substitution of the results for G(r) into Eq. (10)
yields the directional emittance of the sphere.

Results and Discussion
The directional emittance of a sphere has been estimated for

some fixed values of the albedo, the refractive index, and the
optical radius. Comparisons of the results for various orders
of quadrature show that the values of the directional emit-
tance approach constant values once the order of quadratures
is large enough. Then, the solutions are assumed to be con-
vergent. Since Eq. (4) is more complicated than the integral
equation solved in Ref. 6, we need quadratures of higher
orders to generate accurate solutions. Besides, more
quadrature points are required for larger values of co. For ex-
ample, a quadrature order of 24 is enough for a sphere with
co = 0.1, and a quadrature order of 120 is required for a sphere
with w = 0.9. This is because the known emission part of the
total radiation intensity decreases and the unknown scattering
part increases with the increase in albedo.
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Fig. 2 Variation of directional emittance with the refractive index at
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Fig. 3 Comparisons of directional emittance for different geometries
at co = 0.95 (optical thickness = 5.0 for the slab and optical
diameter = 5.0 for the sphere).

Figure 2 shows that the refractive index at which the max-
imum emittance occurs increases with the increase in albedo.
This complicated behavior is because of the combined in-
fluence of scattering and boundary reflection. This is consis-
tent with the results for planar8 and cylindrical5 geometries.
Besides, the directional emittance decreases with the increase
in the albedo and the optical radius. Such behaviors are also
consistent with those for planar and cylindrical geometries.

Since the planar medium is infinite in all directions parallel
to the boundaries, the cylindrical medium is infinite only in
the axial direction, and the spherical medium is finite in all
directions, we can expect that the directional emittance of a
sphere is smaller than that of a slab8 or that of a cylinder5 with
the same physical parameters. The normal emittance of a
sphere with n = 1.6 is about two-thirds as large as that of a slab
with the same refractive index, and the difference between the
normal emittance of a slab and that of a sphere increases with
the decrease in refractive index, as shown in Fig. 3. This is
because the influence of geometry decreases with the increase
in surface reflectivity.
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Introduction

THE conduction of heat in solids is usually treated math-
ematically as a diffusion process in which the effect of a

thermal disturbance is transmitted throughout the solid with
an infinite velocity. However, in some situations, primarily
those involving extremely short times or temperatures near ab-
solute zero, the mode of heat conduction is not diffusive
(parabolic) but propagative (hyperbolic).1"3 In the present
paper, both the specific heat and the thermal relaxation pa-
rameter of the medium are studied parametrically. The effect
of varying the specific heat is investigated by assuming a linear
relationship with temperature. In addition to studying the ef-
fects of a linear specific heat, the thermal relaxation parameter
is modeled as a function of time. The relaxation parameter de-
termines how dominant the hyperbolic nature of the heat con-
duction is. If the relaxation parameter is zero, the hyperbolic
heat conduction (HHC) equation reduces to the parabolic
equation, and the energy transport is diffusive. As the relaxa-
tion parameter increases, the hyperbolic term becomes more
important, and the thermal propagation speed decreases.
MacCormack's predictor-corrector scheme was used to solve
the HHC problems, and an implicit Crank-Nicolson scheme
was used to solve the parabolic problems.

Formulation
The medium was taken to be a slab of dimensionless thick-

ness T] = 1. The density and thermal conductivity were as-
sumed to be constant, and the specific heat was assumed to be
a function of the local temperature, and the thermal relaxation
parameter was assumed to be a function of time. The HHC
equation results from the use of the non-Fourier heat flux
equation given in dimensionless form as

(D

where Q is the dimensionless conduction heat flux, 0 is the
dimensionless temperature, T is the dimensionless thermal re-
laxation parameter, and K is the dimensionless thermal con-
ductivity. In addition, the dimensionless distance and time are
given, respectively, by 77 and £. Clearly, when the relaxation
parameter r is equal to 0, the non-Fourier heat flux equation
reduces to the classical Fourier heat flux equation. Although
the heat flux equations are different for the hyperbolic and
parabolic formulations, the energy equation remains un-
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